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Tensor network approaches to machine learning also demonstrate
variety in their connection to existing machine learning paradigms:
• Probabilistic Graphical Models
• Convolutional Neural Networks
• Kernel Learning
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We could use a linear classifier.
f (~x ) := argmax` (~
w` · ~x )
However, this might not be flexible enough.
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~ ` using a tensor network to allow for efficient
We parameterize w
evaluation and optimization.

Graphical Notation for Tensor Networks
Tensor Networks allow us to approximate a high order tensor using
a collection of lower order tensors and a prescription for
contracting them together.
Rather than writing out a summation over a collection of different
variables and indices, we use a graphical notation.

Figure 1: Left
P to right: A vector, ~xi ; A matrix, Ai,jP; The dot product of
two vectors, i x~i y~i ; The product of two matrices, j Ai,j Bj,k
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Tree Tensor Networks

To the right is a Tree Tensor Network
shown above sixteen feature vectors.
Its structure allows for tractable inference,
optimization, and marginalization.
Unfortunately, this same structure limits its
ability to capture long range correlations.

Tree Tensor Networks Results

Figure 2: Training a Tree Tensor Network on the full MNIST data set.

Figure 3: Using Stochastic Gradient Descent.
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Two images with a small variation in greyscale values will lead to
two very similar initial states. A quantum classifier is guaranteed
to return similar answers for similar states.
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Two images with a small variation in greyscale values will lead to
two very similar initial states. A quantum classifier is guaranteed
to return similar answers for similar states.
However, our approach is not immediately suitable for
implementation on a quantum computer.
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“Quantization”
Let’s zoom in on a single node, choosing
the top of the network for convenience.
ψ0

We aim to prepare a state which we can
characterize with repeated measurement.
Our operations can be interpreted as
unitary rotations followed by projections.
Unfortunately, implementing these
projections on a quantum computer
requires post-selection.
What happens if we just ignore this
other qubit instead?
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“Quantization”
We must use density matrices to
describe the states of the qubits, and
our operations become CPTP maps.
More general operations can be achieved
using a limited number of ancillas.
We can simplify our diagram by
combining the unitary operator U and its
conjugate to yield the superoperator S.
Simplifying even further, we can
represent the operation at this node as
the CPTP map C with nearly the same
network geometry as before.

ρ0

C
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g (~x ) :=
⊗
⊗ ... ⊗
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We act on this initial state with a superoperator S, producing a
reduced state of one (or a few) qubits which we can tractably
characterize.
ρlabel = S|g (~x )ihg (~x )|
Is there a nice geometric interpretation of this procedure, akin to
the arbitrary hyperplane separation of our original model?
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These measurement operators allow us to assign a probability
distribution over class labels to each basis state in our feature map.
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Why Quantum? Redux
A tree-shaped classifier
circuit can be efficiently
simulated and optimized
classically.
However, it would still suffer
from a limited ability to
capture correlation.
Using a quantum computer,
we could add additional
unitary elements to the
circuit which address this
shortcoming.
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Future Directions and Questions

How resilient is this approach to noise? Can noise improve
classifier robustness?
What is the right way to parameterize these circuits?
What is the best way to optimize them on a quantum computer?
How do they compare to classical implementations with non-linear
copy operations?
Are there other useful feature maps for particular applications? Or
network geometries?
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Regularizing with Entanglement Entropy
Each of the tensors is a linear map from a larger space to a smaller
space. One way to regularize the model would be to penalize these
maps based on their rank, but matrix rank is integer valued.
X
T
T = USV T
or
Ti,j =
Ui,k Sk Vk,j
k

However, we can define a related quantity, motivated by the notion
of entanglement entropy from quantum mechanics:
X
2
2
exp(
|S̃k | log (|S̃k | ))
k

Where the S̃k s are the original singular values normalized so that
the sum of their squares is one.

Dropout

Recall that, after mapping to our expanded space, our feature
vector was something like:
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We can perform a dropout procedure on the model inputs in a
straightforward way, yielding, for example:
       


0
x
x
0
x
g̃ (~x ) :=
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1
1
1
1
1

