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When we get to the very, very
small world, we have a lot of
new things that would happen
that represent completely new
opportunities for design
—— Richard Feynman (1956)
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MOTIVATION

A beautiful slide in a talk of Guifre Vidal

QUANTUM SIMULATORS FOR STRONGLYCORRELATED SYSTEMS
• Many-body systems can be
very difficult to simulated by
classical computers.
• The “exponential wall”:
the Hilbert space increases
exponentially with the
system size.

• Quantum simulators: solve quantum problems by simple quantum systems

Photonic quantum simulator
[A. Aspuru-Guzik, et al., Nat.
Phys. 8, 285–291 (2012)]

Quantum simulations with ultracold quantum gases,
I. Bloch, et al, Nat. Phys. 8, 267 (2012)

WHAT IS QUANTUM SIMULATORS
• A quantum simulator is designed for a specific quantum problem
• Quantum computers: universal quantum simulators that can be used
for simulating different quantum problems; exponential speed-up
than classical computers
Computation block:
superconducting circuit

Timeline of D-wave quantum computer

A review article: M. H. Devoret
and R. J. Schoelkopf, Science 339,
1169 (2013)

• Challenges: feasibility in experiments, stability, size scales, etc.

QUANTUM ENTANGLEMENT SIMULATOR
Shi-Ju Ran, Angelo Piga, Cheng Peng, Gang Su, and Maciej Lewenstein, Phys. Rev. B 96, 155120 (2017)

• Goal: to mimic translational invariant strongly-correlated many-body
systems of infinite size by few-body models.
• Infinite system  Finite bulk + entanglement bath.
• The entanglement bath is coupled with the bulk by the physical-bath
Hamiltonian which is calculated by the ab-initial optimization principle
(AOP) approach based on TN.

Unit cell
Infinite 2D system
Physical
interactions
Physical-bath
interactions

Entanglement
bath sites

Finite bulk

Break the
exponential
wall!!

NUMERICAL RESULTS
•

18 spins + 12 bath sites accurately simulate the infinite 2D Heisenberg model

“Finite-size” effect: O(10-3)
•

8 spins + 24 bath sites accurately simulate the infinite 3D spin models, including
the critical fields and exponents

MATHEMATIC TOOL: TENSOR NETWORK
TN
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GRAPHIC REPRESENTATIONS OF TENSOR NETWORKS
What is tensor?
To describe energy
magnetization, susceptibility,
etc., we use a scaler, which is
just a number
What if we have two spins? Then
we use a matrix that has four
numbers labeled by two indexes
2

 𝐶𝑖𝑗 |𝑠𝑖 > |𝑠𝑗 >
𝑖,𝑗=1

To describe, e.g., the state of a
½-spin, we use a two-component
vector, which contains two
numbers labeled by one index
2

𝐶1 ↑> +𝐶2 ↓> →  𝐶𝑖 |𝑠𝑖 >
𝑖=1

How about N spins? Then 2N
numbers labeled by N indexes
will be used, which is called a N-th
order tensor
2

 𝐶𝑖1…𝑖𝑁 |𝑠1 > ⋯ |𝑠𝑁 >
𝑖1 …𝑖𝑁 =1

...

GRAPHIC REPRESENTATIONS OF TENSOR NETWORKS
What is tensor?

To describe, e.g., the state of a
½-spin, we use a two-component
vector, which contains two
To describe energy
numbers labeled by one index
A general definition:
magnetization, susceptibility,
2
etc., we use a scaler, which is
𝐶1 ↑> +𝐶2 ↓> →  𝐶𝑖 |𝑠𝑖 >
An N-th order tensor is defined 𝑖=1
just a number
as a bunch of numbers that are
How about N spins? Then 2N
What if we have two
spins?byThen
labeled
N indexes
numbers labeled by N indexes
we use a matrix that has four
will be used, which is called a N-th
numbers labeled by two indexes
order tensor
2
 𝐶𝑖𝑗 |𝑠𝑖 > |𝑠𝑗 >
𝑖,𝑗=1

2

 𝐶𝑖1…𝑖𝑁 |𝑠1 > ⋯ |𝑠𝑁 >
𝑖1 …𝑖𝑁 =1

...

TENSOR NETWORKS: EFFICIENT DATA
STRUCTURES FOR MANY-BODY STATES
Memory cost increases in a polynomial way

1D quantum states: MPS

2D quantum states: PEPS

Multi-scale entanglement
renormalization ansatz

TENSOR NETWORK FOR TIME EVOLUTION
 Time evolution of quantum systems: correspondence between
D-dimensional quantum to (D+1)-dimensional classical

𝑖1

𝑖2
=< 𝑖1 𝑖2 |𝑒 −𝑖𝜏𝐻 |𝑗1 𝑗2 >

j1

𝑗2

• The time evolution of an MPS
(1D) becomes the contraction of
a 2D TN.
• It can be real or imaginary
time evolution.
|𝜓0 >

TRADE-OFF WITH TN: ANOTHER “EXPONENTIAL
WALL”
• While contracting a TN, one has to restore
tensors whose memory costs increase
exponentially with the contraction steps
• Area low of entanglement entropy: the
number of bonds across the boundary is
proportional to the boundary length, thus
This gives the area law of the
entanglement entropy

𝑆~𝜕𝑅
TN is a faithful ansatz for
gapped 2D wavefunctions
A review article of area law: J. Eisert, M. Cramer, and M. B. Plenio, Rev. Mod. Phys. 82, 277 (2010).

TENSOR RENORMALIZATION ALGORITHMS

Coarse-graining tensor renormalization group
Corner-transfer matrix
renormalization group

Time-evolving
block decimation
algorithm

TENSOR RENORMALIZATION ALGORITHMS

Our recent review article
arXiv:1708.09213
Coarse-graining tensor renormalization group
Corner-transfer matrix
renormalization group

Time-evolving
block decimation
algorithm

FROM TN ENCODING THEORY TO QUANTUM
ENTANGLEMENT SIMULATOR
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 Let’s reconsider this story starting from another clue that is
different from tensor renormalization schemes.
 Is it possible to encode the contraction of an infinite TN in the
contraction of certain local tensors? Or, what is ab-initio in the
TN contraction problems?

Scalar function

...

..
.

Two “principles” :
 Simplest local function that can be efficiently
computed by classical computers
—— contraction of local TN cluster
 2) Minimal number of input parameters
—— cell tensor

EIGENVALUE EQUATIONS IN TN ENCODING
• Basic idea: encoding the infinite TN contraction problem to a set of selfconsistent local eigenvalue problems (Shi-Ju Ran, Phys. Rev. E 93, 053310)

TN of TrotterSuzuki steps
(imaginary
time evolution)

TN encoding for 1D quantum
(2D classical) systems

The local eigenvalue problems
that encodes the infinite TN

TN ENCODING FOR QUANTUM ENTANGLEMENT
SIMULATOR
Shi-Ju Ran, Angelo Piga, Cheng Peng, Gang Su, and Maciej Lewenstein, Phys. Rev. B 96, 155120 (2017)

Step 1: Construct
the cell tensor
Classical
simulation for the
physical-bath
interactions

Quantum
simulators

Step 2: Solve the
self-consistent
problems (analog
to tree DMRG)
Step 3: Solve the fewbody Hamiltonian (by
classical or quantum
simulations)

EMERGENT FEW-BODY HAMILTONIAN
(QUANTUM ENTANGLEMENT SIMULATOR)
Continuous MPS in
imaginary time
(arXiv:1608.06544)

(Evolution form)

Transform to
standard
summation form

The dimension of the bath sites determine the
upper bound of the entanglement that can be
captured between the finite bulk and the rest.

EXPERIMENTAL REALIZATION
Quantum entanglement simulator can be easily realized in experiments：
using super-conducting circuits or cold/ultra-cold atoms or ions
•
•
•

The bath sites have simple physics: higher spins for spin models,
Bosons/fermions for bosonic/fermionic models.
The physical-bath interactions are short-range：same to the original systems.
The dimensions of the bath sites are controllable.

• The Bulk terms are exactly the same to the original model, and the
boundary terms (physical-bath interactions) can be expanded in the
standard spin-pin interaction form.

By choosing different matrix basis, the bath can be spins, bosons or fermions

TOWARDS MORE UNIVERSAL QUANTUM SIMULATORS
Quantum entanglement simulator + synthetic dimension scheme

A. Celi, et al. Phys. Rev. Lett. 112, 043001 (2014)

GOING BEYOND NEARLY-FREE ELECTRON
APPROXIMATIONS
• Generalizations of QES models

Cluster +

physical-bath (PB)
interactions

+

Nearest-neighbor
Long-range
+
PB interactions
PB interactions

Numeri Methods

Density functional theory
(ab-initial principle)

Dynamic mean-field
theory

Ab-initial optimization
principle of tensor network

Effective models

Tight binding model

Single-impurity model

Interacting few-body model

ANOTHER TN-BASED WORK: ENCODING IMAGE
CLASSES IN TREE TN STATES
Ding Liu, Shi-Ju Ran, Peter Wittek, Cheng Peng, Raul Blázquez Garcí
a, Gang Su, and Maciej Lewenstein, arXiv:1710.04833

Slightly entangled
states are able to
encode image classes

Write the cost function (fidelity)
as a tree TN (TTN)

Label of the input sample

Orthogonal tensors: real-

space renormalization of the
vector space
An input sample mapped from
scalars (e.g., grey pixels) to
normalized vectors

(E. Stoudenmire, and D. J. Schwab (2016))

SOLVING SUPERVISED MACHINE
LEARNING PROBLEMS BY TREE TN
From the original cost function (error) to fidelity
Assume to be a constant
due to the orthogonality

Similar to the standard TN
schemes, the deviation
from the identity defines
the truncation error
The cost function becomes
the summation of the
fidelity between the input
samples and the TTN state

BENCHMARK ON MNIST DATABASE

overfitting

Accuracy versus bond dimension
(over-fitted with large bond dimensions)

Accuracy with optimal bond dimensions

BENCHMARK ON CIFAR DATABASE
Testing the learning ability: the accuracy of a TTN given certain fixed
training samples (similar to categorizing existing data)

• CIFAR is obviously much more challenging than MNIST. Note the
accuracy with fixed training samples from MNIST is nearly 100%.
• With the optimal bond dimensions, the accuracy on testing dataset
(generalization ability) is more than 80%.

TOWARDS A QUANTUM INFORMATION
THEORY OF MACHINE LEARNING

The inner product TN defines the fidelity

The SVD of the top tensor defines the
entanglement spectrum

TOWARDS A QUANTUM INFORMATION
THEORY OF MACHINE LEARNING
Distance (similarity)
of image classes
from real-space
renormalization
The inner product TN defines the fidelity

Entanglement
characterizes:
quamtun complexity;
the information gain
from the measurement
of one sub-system
The SVD of the top tensor defines the
entanglement spectrum

CONCLUSION AND PROSPECTIVE

Numeric algorithms
beyond density
functional theory for
interacting electrons

Functional and
controllable
quantum devices
(arXiv:1707.07838)

Fidelity and
data structure

Quantum
entanglement and
image/information
recovering

Non-linear
dimensionality
reduction of
Hilbert space

Experimental/
numeric simulations
of exotic states
(quantum Hall state,
super-conductors,
black hole, etc.)
TN-based quantum
simulator

TN-based machine
learning

Looking for the microscopic
quantum models that
mimics intelligences

Quantum
observation theory
and visualization
theory of image
classes
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